We extend the existing toll pricing studies with fixed demand to stochastic demand. A new and practical second-best pricing problem with uncertain demand is proposed and formulated as a stochastic mathematical program with equilibrium constraints. In view of the problem structure, we develop a tailored global optimization algorithm. This algorithm incorporates a sample average approximation scheme, a relaxationstrengthening method, and a linearization approach. The proposed global optimization algorithm is applied to three networks: a two-link network, a seven-eleven network and the Sioux-Falls network. The results demonstrate that using a single fixed estimation of future demand may overestimate the future system performance, which is consistent with previous studies. Moreover, the optimal toll obtained by using the mean demand value may not be optimal considering demand uncertainty. The proposed global optimization algorithm explicitly captures demand uncertainty and yields solutions that outperform those without considering demand uncertainty. 
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Traffic congestion has become a great concern in heavily populated metropolitan areas. When it 2 is not feasible to increase the capacity of the transportation network, imposing appropriate tolls 3 on roads can reduce traffic congestion because tolls can encourage travelers to seek less direct 4 routes or to travel during a less congested period. Tolls are applied in many cities such as London, Set that contains all the generated solutions Ω Set of demand scenarios. The probability of each scenario is known. 
We assume that the set of uncertain demand Ω has a very large number of scenarios and 12 the probability of each scenario is a priori known. In demand scenario ω∈ Ω , the travel demand 
In face of demand uncertainty, the transport authority aims to maximize the expected value of the 4 relative efficiency
Therefore we could rewrite the objective as: 7
Eq. (6) is the negative of the expected relative efficiency. The link flow vector ( ) ω v z is 9 determined by the lower-level user equilibrium problem: 10
The "=" in Eq. (7) 
The optimal value S c to model [SAA] is actually a random variable depending on the set S . 9
The expected value of S c is no greater than The aforementioned approach is the standard SAA procedure in the literature. When 26 applying the standard SAA procedure for continuous optimization problems, the obtained 27 solution is likely to be a good one, however, the possibility that it is optimal is generally 0. 28 However, in our problem the toll vector is discrete in that it must be chosen from a finite set of 29 candidate toll vectors (although the cardinality of the set is exponential). Therefore, we tailor the 30 SAA approach to our problem setting, and design an improved approach. Step 0: Define a set : Ω = ∅ z that will contain all the generated toll vector solutions. Define sets 15 Step 1: Solve [MIP-relaxed] with the constraints: 17 
Note that the constraint (12) is valid due to the definition of ( ) 
As a result, [MILP-relaxed] with constraints (14)- (17) 
3 COMPUTATIONAL EXPERIMENTS 4
The proposed model and algorithm are applied to three networks: one is a simple two-link 5 network; the second network has seven nodes and 11 links and is hence named seven-eleven 6 network; the third network is the Sioux-Falls network. A personal computer with Intel Core (TM) 7 Duo 2.7 GHz CPU, 4 GB RAM, and Windows 7 Professional operating system is used for all 8 tests. The algorithms are coded with C++, calling CPLEX 12.1 to solve the MILP problems. 9 10 A Two-Link Example 11
We first consider a simple two-link example shown in Figure 2 to exemplify the importance of 12 incorporating demand uncertainty in modeling and the process of the relaxation-strengthening 13 global optimization algorithm. The uncertain demand set has two scenarios: 
24
We first address a deterministic model where the uncertain demand is replaced with its 25 average value. In other words, we assume that the demand from node 1 to node 2 is 26
The results show that the optimal toll is 1.5 and the relative 27 efficiency 99.5% Λ = .
28
We then consider the stochastic model. Since there are only two demand scenarios, we 29 could enumerate them in the model. That is, the set 1 2 { , } = Ω = ω ω S and the objective function is: 30
In the relaxation-strengthening global optimization algorithm, the first iteration yields solution The optimal toll considering demand uncertainty is hence 1.25, and the resultant relative 10 efficiency is 85.1%. However, if we set the toll at 1.5, which is the one obtained by only 11 considering the mean demand, the resultant relative efficiency is 78.0%, which is smaller than 12 85.1%. This example clearly demonstrates the importance of incorporation of demand uncertainty 13 in congestion pricing. Moreover, this example demonstrates the following theorem: 14
Theorem 3: The optimal toll obtained by using the mean demand value may not be optimal 15 considering demand uncertainty.□ 16
We also find that using the mean demand value, we set the toll at 1. The Seven-Eleven Network 25
The Seven-Eleven network, as shown in Figure 3 , has 7 nodes and 11 links. There are 4 OD pairs 26 tabulated in Table 3 with their respective average demand. The demand of different OD pairs are 27 independent and the demand of each OD pair has three realizations of equal probability: average 28 value as shown in ( , , , , ) (2, 0, 0, 2, 0) z z z z z = is chosen (that is, a toll of 20 is imposed on links 11 1 and 4, and no toll is imposed on links 2, 3, and 11) whose average relative efficiency 94.5% is a 12 lower bound for the problem. 13 We then generate another We have examined a new and practical second-best pricing problem with uncertain demand. This 5 problem can be formulated as a stochastic mathematical program with equilibrium constraints. In 6 view of the problem structure, we develop a tailored global optimization algorithm. This 7 algorithm incorporates a sample average approximation scheme, a relaxation-strengthening 8 method, and a linearization approach. The proposed global optimization algorithm is applied to 9 three networks: a two-link network, a seven-eleven network and the Sioux-Falls network. The 10 results demonstrate that using a single fixed estimation of future demand may overestimate the 11 future system performance. Moreover, the optimal toll obtained by using the mean demand value 12 may not be optimal considering demand uncertainty. The proposed global optimization algorithm 13 explicitly captures demand uncertainty and yields solutions that outperform those without 14 considering demand uncertainty. 15
In this study the toll information in constant, and hence can easily be known by users. 16
The demand information may change from day to day: for instance, one pattern on Monday, one 17 pattern on Tuesday, etc. Since the purpose of congestion pricing is to alleviate congestion during 18 peak hours, which are the time for commuting to work and back home, it is reasonable to assume 19 that users have enough experience about the traffic conditions (they travel to and from work 20 every day). That is the rationale behind assuming that users have full information. 21
Although the core elements of the paper require a high level of mathematical expertise, 22 the fundamental idea of our model is simple: Since there are many demand scenarios, we try to 23 find a toll that is the best for the average outcome of all these demand scenarios. However, it may 24 not be easy to understand this idea correctly. In practice, transport authorities collect OD travel 25 data for many days. Evidently, the collected data on different days would be different, and a 26 natural (whereas wrong) approach is to use the average travel demand to replace the underlying 27 stochastic demand. As demonstrated by our paper, the optimal toll obtained by using the mean 28 demand may not be optimal considering demand uncertainty. In other words, using the mean 29 demand may lead to suboptimal solutions. That is a rule on which special attention should be paid 30 by practitioners when setting tolls. 31
To implement the model in reality, the transport authority needs to do the following: (i) 32
Determine a set of candidate roads for toll pricing; (ii) Collect the origin-destination travel 33 information on different days; (iii) Apply the proposed model and algorithm to calculate the 34 optimal toll charge on each candidate road; (iv) Publish the toll information in advance and set up 35 toll gantries to collect tolls. 36
There are a few research directions that we will explore in future. First, in this study we 37 assume homogeneous travelers in the network with the same value of time (VOT shopping and leisure. We know from the Ramsey pricing rule that to maximize social welfare, 1 prices should be relatively high when the elasticity of demand is low. One challenge for toll 2 pricing at the network level is that there are interactions between different OD pairs. In such a 3 circumstance, how to adapt the Ramsey pricing rule to provide useful guidelines for practitioners 4 is a worthwhile research topic. 5 6 ACKNOWLEDGMENTS 7
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